Abstract. Let F be a global field, let S y be the set of archimedean primes of F and let S be any nonempty finite set of primes of F containing S y . In this paper we study the Néron S-class group C A; F ; S of an abelian variety A defined over F . In the well-known analogy that exists between the Birch and Swinnerton-Dyer conjecture for A over F and the analytic class number formula for the field F (in the number field case), the finite group C A; F ; S y (not the Tate-Shafarevich group of A) is a natural analog of the ideal class group of F .
Introduction
Let F be a global field, let S be a nonempty finite set of primes of F containing all archimedean primes and let O F ; S be the ring of S-integers of F . Further, we write U ¼ Spec O F ; S . Note that v B S if, and only if, v corresponds to a point of U.
A central problem in Number Theory is that of extending certain known results for tori to abelian varieties over F . Specifically, the analytic class number formula for a number field F has long been regarded as a template for the Birch and Swinnerton-Dyer conjecture for an abelian variety A over F . But the analogy between a theorem for the trivial torus T ¼ G m; F (as the analytic class number formula certainly is) and a conjecture about an arbitrary abelian variety is a distant one, and many researchers have come to view (incorrectly, we believe) the Tate-Shafarevich group [ 1 ðAÞ of A as a natural analog of the ideal class group of F .
In this paper we introduce the Néron S-class group C A; F ; S of A over F and establish a duality theorem for this group. The definition of C A; F ; S is quite simple. For each prime v A U, let F v be the completion of F at v and let kðvÞ denote the corresponding residue field.
There exists a canonical reduction map AðF Þ ! F v ðAÞ À kðvÞ Á , where F v ðAÞ is the group scheme of connected components of the special fiber of the Néron model of A F v . Then
where the points of AðF Þ are mapped diagonally into L v A U F v ðAÞ À kðvÞ Á via the preceding reduction maps. For reasons that are explained in Remark 3.3, we believe that this group is the correct analog of the ideal S-class group of F .
We will now state the main theorem of this paper. Let B denote the dual (i.e., Picard) variety of A. For each v A U, Grothendieck's pairing 
and assume, to avoid trivialities, that P 3 j. Then the nonzero elements of C 1 B; F ; S are represented by principal homogeneous spaces for B over F which have a point defined over F v for every v B P and a point defined over some unramified extension of F v for each v A P, but no point defined over F v itself for some v A P. Thus the theorem could be interpreted as saying that the Néron class group C A; F ; S of A controls via duality the existence (or lack of existence) of rational points on principal homogeneous spaces for B over F in various completions of F .
Regarding the question of how the groups C A; F ; S and [ 1 ðAÞ are related, we show in Proposition 3.4 that there exists an exact sequence
where D 1 ðU; A Þ is the group (3.8) . Hence the Tate-Shafarevich group of A is not only not the correct analogue of the ideal class group of F but, in a sense, is ''perpendicular'' to it. Remark 1.1. The assumption S 3 j is only used in Section 3, where it guarantees the finiteness of the S-class group of an a‰ne group scheme H. However, when H ¼ A is an abelian variety, this hypothesis is not needed and, consequently, our main theorem above remains valid when S ¼ j in the function field case. respondence. I also thank the referee for the many suggestions that led to an improvement of the original presentation.
Preliminaries
Let F be a global field, i.e. F is a finite extension of Q (the number field case) or is finitely generated and of transcendence degree 1 over a finite field of constants (the function field case). We fix a separable algebraic closure F of F . Further, S is a nonempty finite set of primes of F containing the archimedean primes in the number field case, O F ; S is the corresponding ring of S-integers of F and U ¼ Spec O F ; S . For every v A U, O v will denote the completion of the local ring of U at v, F v will denote its field of fractions and kðvÞ is the corresponding (finite) residue field. Further, for each prime v of F , we fix a prime v of F lying above v, let F v be the completion of F at v (which is a separable algebraic closure of F v ) and set For the convenience of the reader, we now recall the well-known 4-lemmas from Homological Algebra.
be an exact commutative diagram of abelian groups and group homomorphisms. If the maps a and g are epimorphisms and d is a monomorphism, then the map b is an epimorphism. Dually, if
is an exact commutative diagram in which a is an epimorphism and b and d are monomorphisms, then g is a monomorphism. r Lemma 2.2. Let n be a positive integer and let
be exact sequences of abelian groups. Assume that there exist pairings
such that the following conditions hold:
(ii) The maps A i =n ! ½ðB i Þ n D and B i =n ! ½ðA i Þ n D induced by j i are injective for i ¼ 2 and i ¼ 4.
Then the maps A 3 =n ! ½ðB 3 Þ n D and B 3 =n ! ½ðA 3 Þ n D induced by j 3 are injective.
Proof. Hypothesis (i) implies that the canonical map d : Im f 1 =n ! ½ðIm g 1 Þ n D is surjective. Now Lemma 2.1 applied to the exact commutative diagram
(whose top and bottom rows are induced by the short exact sequences
respectively) shows that the map labeled b above is injective. On the other hand, applying Lemma 2.1 to the diagrams
shows that the maps labeled a and c above are surjective and injective, respectively. Further, applying Lemma 2.1 to the diagram
we obtain the injectivity of A 3 =n ! ½ðB 3 Þ n D . To check the injectivity of B 3 =n ! ½ðA 3 Þ n D ,
i.e., the surjectivity of ðA 3 Þ n ! ½B 3 =n D , one considers the diagrams
Class groups and Tate-Shafarevich groups
In the remainder of the paper, we will need to consider flat cohomology groups H 
is canonically an a‰ne V -scheme. Now let H be a smooth algebraic group over F and let M be a quasi-projective U-model of H of finite type. We will write
where 
We will view A U ðV Þ as a subring of A U ðV 0 Þ through the above map. The ring of adeles of U is by definition
Clearly, for any V as above, we may regard A U ðV Þ as a subring of A U and M V À A U ðV Þ Á as a subgroup of MðA U Þ. Then, by [3] , p. 5, the natural map
is a bijection. We conclude that there exists a canonical bijection 
Now, although the arguments of [17] , Chapter I, §2 (which are reproduced in [7] , §3) are valid in principle only when M is a‰ne, they admit a straightforward generalization to arbitrary M as above3). In particular, the pointed set CðMÞ admits the following Nisnevich-cohomological interpretation (see [7] , Theorem 3.5):
Assume now that, in addition to being smooth, H is commutative, connected and admits a Néron model4) H over U. Thus H is a smooth and separated U-group scheme (in particular, it is locally of finite type) and represents the sheaf j Ã H on the small smooth site over U. Its identity component H is a smooth U-model of H of finite type and quasiprojective. See [10] , VI B , Proposition 3.9, p. 344, and [1] , Theorem 6.4.1, p. 153. We call the corresponding class group CðH Þ the Néron S-class group of H and denote it by C H; F ; S . Thus
The group C H; F ; S is known to be finite if H is a‰ne (see, e.g., [2] 
where the first map is the natural ''diagonal homomorphism''5).
Theorem 3.2. Let H be a smooth, connected and commutative algebraic group over F . Assume that H admits a Néron model H over U. Then (3.2) induces an exact sequence
where Q H; S is the map (3.3).
Proof. Taking étale cohomology of (3.2) and using the identification C H; F ; S ¼ H Remark 3.3. The literature records the following assertions: ''If A is an abelian variety over a number field F , then AðF Þ is the natural analog of the group of units of F and the Tate-Shafarevich group of A is the natural analog of the ideal class group of F .'' We believe that these assertions are incorrect. Indeed, the exact sequence of the theorem for H ¼ G m; F is the familiar exact sequence where the map involved is the restriction map in Galois cohomology. The inflation map in Galois cohomology induces an isomorphism
On the other hand, by a straightforward generalization of [16] The elements of C 1 H; F ; S can be described as follows. Consider the set of primes
and assume, to avoid trivialities, that P 3 j. Then the nonzero elements of C 1 H; F ; S are represented by principal homogeneous spaces for H over F which have a point defined over F v for every v B P and a point defined over some unramified extension of F v for each v A P, but no point defined over F v itself for some v A P.
In order to explain how the groups C H; F ; S , C Proof. The Cartan-Leray spectral sequence [15] whose top rows are (3.9) and (3.10), respectively. r
Proof of the main theorem
Let A be an abelian variety defined over F and let B be the abelian variety dual to A. The Néron model of B over U will be denoted by B.
For each v A U, the étale kðvÞ-sheaves F v ðAÞ and F v ðBÞ will be identified with the G kðvÞ -modules
Since the above pairing is known to be nondegenerate in the context of this paper (see, e.g., [14] , Theorem 4.8), G 
in the derived category of the category of smooth sheaves on U, and this map induces pairings hÀ; Ài : H Proof. The lemma is immediate from the commutativity of the diagrams 
In particular, if [ 1 ðAÞðnÞ is finite, then the canonical map H 
Recall that, in general, direct products and direct sums are in natural duality. Note, however, that See also [16] , Theorems III.3.7, p. 317, and III.9.4, p. 370. Now, passing to the inverse limit over r in the proof of Lemma 4.5 and using McCallum's result, one can show (again, independently of the finiteness assumption on [ 1 ðAÞ) that there exists a nondegenerate pairing of finite groups
provided l 3 p ¼ char F in the function field case (the problem is that the inverse limit over r of the bottom row of the big diagram in the proof of Lemma 4.5 might not be exact if l ¼ p8)). However, even if the above statement were verified for l ¼ p as well, one would still need to check that C A; F ; S X D 1 ðU; A Þ div ¼ 0. So far, we have been unable to make any progress on this problem.
8)
Of course, we believe that the above statement remains valid if l ¼ p, but we see no obvious variant of the proof of Lemma 4.5 that will prove this.
